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Abstract 
This study presents a fractional-order SVICR (Susceptible–Vaccinated–Infected–Carrier–Recovered) model for analyzing the 

transmission dynamics of the Hepatitis B Virus (HBV), utilizing the Atangana–Baleanu–Caputo (ABC) operator to account 

for memory-dependent biological processes. The model integrates key epidemiological features including vertical and 

horizontal transmission, vaccination coverage, waning immunity, and chronic carrier states. Using the fractional-order 

formulation, we derive a nonlinear system of differential equations and employ the Adams–Bashforth–Moulton predictor–

corrector scheme for numerical simulations. Model calibration and sensitivity analysis are conducted through partial rank 

correlation coefficients (PRCC) and Latin Hypercube Sampling (LHS) to evaluate the impact of fractional order, vaccination 

rate, and transmission parameters on the basic reproduction number R0R_0. Simulation results demonstrate that lower 

fractional orders delay epidemic peaks while reducing infection amplitude, and that vaccination significantly suppresses 

transmission but is insufficient for eradication due to persistent vertical transmission and carrier states. Bifurcation analysis 

reveals the possibility of backward bifurcation under memory effects, emphasizing the need for combined vaccination, 

maternal screening, and carrier monitoring strategies. The model is validated against synthetic epidemiological data with low 

prediction errors, confirming its robustness and applicability. This research underscores the importance of fractional calculus 

in modeling chronic infectious diseases and provides a powerful tool for optimizing public health interventions in memory-

driven epidemiological systems. 

 

Keywords: Numerical Optimization, Sensitivity Analysis, Fractional-Order, HBV Transmission Model, Vaccination, Memory 

Parameters. 
 

I. INTRODUCTION 

 
 Background to Hepatitis B and Its Global Burden 

Hepatitis B Virus (HBV) remains one of the most 

persistent and globally pervasive viral infections, 

primarily affecting hepatic function and often leading to 

chronic liver conditions such as cirrhosis and 

hepatocellular carcinoma (HCC). According to recent 

estimates by the World Health Organization, over 296 

million individuals worldwide live with chronic HBV 

infections, resulting in nearly 820,000 deaths annually due 

to complications like liver failure and liver cancer (WHO, 

2021). The pathogenesis of HBV is complex, as it involves 

both immunological host responses and persistent viral 

replication, with prolonged latency phases and variable 

transmission dynamics across different geographic regions 

(Prakash et al., 2021; Manuel et al., 2024; Eguagie et al., 

2024). 
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The burden is disproportionately higher in low- and 

middle-income countries, particularly in sub-Saharan 

Africa and East Asia, where perinatal transmission and 

early childhood horizontal transmission remain 

predominant (Tilahun et al., 2021; Idoko et al 2024). In 

these regions, the infection often becomes chronic due to 

immature immune responses, further complicating efforts 

for disease control. The virus is transmitted primarily 

through contact with infected blood or bodily fluids, with 

notable routes including vertical transmission from mother 

to child, unprotected sexual contact, unsafe injections, and 

transfusions with contaminated blood (Khan et al., 2021; 

Idoko et al., 2024). 

 

Despite the availability of a highly effective vaccine 

that provides lifelong immunity in most recipients, global 

control remains elusive due to a combination of factors, 

including limited healthcare access, socio-cultural barriers 

to immunization, and the silent propagation of the virus by 

asymptomatic carriers (Zhong et al., 2021). Furthermore, 

standard diagnostic tools often fail to detect occult 

infections, where patients are seronegative for HBV 

surface antigens but continue to harbor replication-

competent virus, thereby contributing silently to ongoing 

transmission (Demirci, 2022; Ayoola et al., 2024; Ijiga et 

al., 2024). 

 

The chronic nature of HBV, characterized by 

persistent viral DNA and integration into host hepatocyte 

genomes, presents additional complications for 

therapeutic intervention. Unlike acute infections that 

resolve spontaneously, chronic HBV requires long-term 

antiviral treatment, which may be limited by issues of 

resistance, compliance, and cost (Gao et al., 2020; Idoko 

et al 2024; Ijiga et al, 2024). Hence, understanding the 

global burden of HBV requires a multifaceted approach 

that integrates clinical, epidemiological, and mathematical 

insights to support effective public health interventions. 

 

 Motivation for Mathematical Modeling in 
Epidemiology 

Mathematical modeling has become an indispensable 

tool in epidemiology, enabling researchers and public 

health officials to gain insights into disease transmission, 

assess intervention strategies, and forecast epidemic 

outcomes. The complex transmission dynamics of 

infectious diseases such as Hepatitis B Virus (HBV)—

characterized by latency, chronic infection, vertical and 

horizontal transmission, and the existence of 

asymptomatic carriers—demand sophisticated modeling 

approaches that go beyond the capabilities of traditional 

surveillance and clinical methods (Gao et al., 2020). 

Through a systems-based representation, models elucidate 

how changes in parameters such as contact rates, 

vaccination efficacy, or treatment policies influence 

epidemic trajectories. 

 

Classical compartmental models, including the 
Susceptible-Infected-Recovered (SIR) framework, are 

foundational in disease modeling. These models use 

systems of ordinary differential equations (ODEs) to 

represent the rate of change in population compartments: 

𝑑𝑆(𝑡)

𝑑𝑡
= 𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜇𝑆(𝑡), 

𝑑𝐼(𝑡)

𝑑𝑡

= 𝛽𝑆(𝑡)𝐼(𝑡) − (𝛾 + 𝜇)𝐼(𝑡), 
𝑑𝑅(𝑡)

𝑑𝑡
= 𝛾𝐼(𝑡) − 𝜇𝑅(𝑡) 

Where 𝑆(𝑡), 𝐼(𝑡), and 𝑅(𝑡) represent the susceptible, 

infected, and recovered populations, respectively; 𝛬 is the 

recruitment rate, 𝛽 is the transmission rate, 𝛾 is the 

recovery rate, and 𝜇 is the natural death rate (Prakash et 

al., 2021). While useful, these models assume 

instantaneous transitions and homogeneous mixing, which 

are often unrealistic in the context of HBV, where 

memory-dependent processes dominate. 

 

The necessity for more biologically realistic 

representations has led to the incorporation of fractional 

calculus into epidemiological modeling. Fractional-order 

models introduce memory effects and hereditary 

properties, offering a more accurate depiction of diseases 

with prolonged infectious stages like HBV. The fractional 

Caputo derivative of a function 𝑓(𝑡) of order 0 < 𝛼 < 1 is 

defined as: 

 

𝐶𝐷𝛼𝑓(𝑡) =
1

𝛤(1 − 𝛼)
∫

𝑓′(𝜏)

(𝑡 − 𝜏)𝛼

𝑡

0

𝑑𝜏 

 

This formulation implies that the rate of change at 

any time 𝑡 depends on the entire history of the function, 

making it ideal for capturing the non-instantaneous 

transitions seen in HBV infections (Zarin, 2022). The 

Atangana-Baleanu-Caputo (ABC) derivative, which uses 

the Mittag-Leffler kernel, is a notable advancement, 

offering non-local and non-singular behavior beneficial 

for modeling latent and chronic states in HBV 

transmission (Shah et al., 2020). 

 

Fractional models are particularly effective when 

used in conjunction with vaccination and treatment 

compartments. For example, the fractional HBV model 

including vaccinated individuals and carriers can be 

represented as: 

 
𝐴𝐵𝐶𝐷𝛼𝑆(𝑡) = 𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝑣𝑆(𝑡) − 𝜇𝑆(𝑡) 

 
𝐴𝐵𝐶𝐷𝛼𝐼(𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡) + 𝜃𝛬 − (𝛾 + 𝛿 + 𝜇)𝐼(𝑡) 

 

Here, 𝑣 is the vaccination rate, 𝛿 the rate of 

progression to the carrier state, and 𝜃𝛬 denotes vertical 

transmission from infected mothers to neonates (Tilahun 

et al., 2021). 

 

In addition to dynamic simulation, models facilitate 

sensitivity analysis, helping to identify the most critical 

parameters affecting transmission outcomes. Sensitivity 

metrics are pivotal for designing cost-effective 

intervention strategies and determining the robustness of 

predictions under parameter uncertainty (Yavuz et al., 

2023). 
 

Moreover, validation of models using real-world 

epidemiological data—through optimization techniques 

such as least squares fitting or Kalman filtering—confirms 
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their practical relevance. These models support 

policymakers in formulating evidence-based strategies, 

particularly in optimizing vaccine deployment, screening 

protocols, and public health resource allocation (Demirci, 

2022). 

In conclusion, mathematical modeling, especially 

those based on fractional-order systems, serves as a 

powerful analytical framework for understanding HBV 

transmission. It enhances predictive accuracy and strategic 

planning in the control of complex, memory-driven 

infectious diseases. 

 

  The Role of Fractional Calculus in Modeling HBV 
Fractional calculus offers a robust mathematical 

framework for capturing the memory-dependent and 

hereditary characteristics of complex biological systems, 

making it particularly well-suited for modeling infectious 

diseases such as Hepatitis B Virus (HBV). Traditional 

integer-order models are limited by their Markovian 

assumptions, where system states depend solely on present 

conditions (Enyejo, et al., 2024). In contrast, fractional-

order models allow the incorporation of historical data, 

thus capturing delayed biological responses, latent 

infection periods, and chronic progression—hallmarks of 

HBV transmission dynamics (Sutradhar & Dalal, 2023). 

 

One of the foundational tools in fractional calculus is 

the Caputo derivative, defined as: 

 

𝐶𝐷𝛼𝑓(𝑡) =
1

𝛤(𝑛 − 𝛼)
∫

𝑓(𝑛)(𝜏)

(𝑡 − 𝜏)𝛼−𝑛+1

𝑡

0

𝑑𝜏, 𝑛 − 1 < 𝛼

< 𝑛 
 

where 𝛼 ∈ (0,1) is the fractional order, 𝛤(⋅) is the 

gamma function, and 𝑓(𝑛)(𝜏) is the 𝑛th derivative of 𝑓. 

This operator introduces a non-local dependence in the 

system, making it ideal for modeling the temporal 

progression of HBV, which involves delayed immune 

responses and long-term viral persistence (Gao et al., 

2020). 

 

An advanced alternative is the Atangana–Baleanu–

Caputo (ABC) fractional derivative, which replaces the 

singular kernel in the Caputo derivative with a Mittag-

Leffler function to improve numerical stability and better 

represent physical reality: 

 

𝐴𝐵𝐶𝐷𝑡
𝛼𝑓(𝑡) =

𝐵(𝛼)

1 − 𝛼
∫ 𝐸𝛼

𝑡

0

(−𝛼(𝑡 − 𝜏)𝛼)𝑓′(𝜏)𝑑𝜏 

 

where 𝐸𝛼(⋅) is the Mittag-Leffler function and 𝐵(𝛼) is a 

normalization constant. This operator effectively models 

HBV’s non-instantaneous transmission and the long-term 

impact of asymptomatic carriers on population-level 

dynamics (Shah et al., 2020). 

 

In the context of HBV modeling, fractional-order 
compartmental frameworks such as the Susceptible–

Vaccinated–Infected–Carrier–Recovered (SVICR) model 

provide a more granular view of transmission dynamics. 

The time evolution of the susceptible population under 

fractional order is given by: 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝑆(𝑡) = 𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝑣𝑆(𝑡) − 𝜇𝑆(𝑡) 
 

where 𝛬 is the recruitment rate, 𝛽 is the effective 

contact rate, 𝑣 is the vaccination rate, and 𝜇 is the natural 

death rate. The fractional operator modulates the temporal 

responsiveness of the model, allowing it to reflect 

observed HBV latency and persistence patterns more 

accurately than classical models (Demirci, 2022). 

 

Moreover, the inclusion of fractional dynamics 

enhances the analysis of equilibrium points and stability 

thresholds. For instance, the basic reproduction number 

𝑅0, a key metric in epidemiology, is influenced by the 

fractional order 𝛼. Numerical simulations demonstrate that 

as 𝛼 decreases, the peak of infection flattens, but the 

disease becomes more persistent—a phenomenon 

consistent with chronic HBV behavior (Tilahun et al., 

2021). 

 

Fractional models also improve the fidelity of 

bifurcation analyses, allowing for the detection of 

backward bifurcation scenarios where disease eradication 

is not guaranteed even when 𝑅0 < 1, due to long-lasting 

carrier states or incomplete vaccine efficacy (Zarin, 2022). 

This feature is critical for designing robust intervention 

strategies in endemic regions. 

 

In summary, fractional calculus—particularly when 

implemented via the ABC operator—enables the modeling 

of HBV as a memory-dependent system. It facilitates the 

simulation of real-world disease behavior, including the 

effects of vertical transmission, waning immunity, and 

asymptomatic carriers, thereby offering enhanced 

predictive accuracy for public health planning. 

 

  Research Objectives and Scope 

The primary objective of this study is to explore and 

analyze the transmission dynamics of Hepatitis B Virus 

(HBV) through the development and numerical simulation 

of a fractional-order compartmental model governed by 

the Atangana–Baleanu–Caputo (ABC) operator. This 

model aims to capture the memory-dependent and non-

local characteristics inherent in HBV progression, 

providing a more realistic representation of both acute and 

chronic phases of infection. By incorporating fractional 

calculus into epidemiological modeling, the study seeks to 

overcome the limitations of traditional integer-order 

differential equations, particularly in addressing the latent 

stages, long-term persistence, and waning immunity 

associated with HBV. 

 

The scope of the research includes constructing a 

fractional-order SVICR (Susceptible–Vaccinated–

Infected–Carrier–Recovered) model that accounts for both 

horizontal and vertical transmission pathways. The model 

incorporates epidemiologically significant features such as 

vaccination efficacy, asymptomatic carriers, progression 

to chronic infection, and the influence of fractional-order 

parameters on transmission behavior. The mathematical 
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formulation will be expressed as a system of nonlinear 

fractional differential equations using the ABC derivative 

to encode hereditary dynamics in the model structure. 

 

Additionally, the study conducts an in-depth 

bifurcation and stability analysis to identify equilibrium 

points and determine the conditions under which the 

disease-free or endemic states persist. The basic 

reproduction number 𝑅0 will be derived analytically and 

used as a critical threshold parameter to evaluate the 

model’s sensitivity to key epidemiological factors. 

Numerical simulations using the Adams–Bashforth–

Moulton predictor–corrector method will be employed to 

solve the system, validate the model against empirical 

HBV prevalence data, and assess the impacts of varying 

fractional order 𝛼, vaccination rate 𝑣, and vertical 

transmission proportion 𝜃. 

 

The study further extends its analytical framework to 

perform parameter sensitivity analysis and long-term 

predictive modeling to inform policy interventions. 

Scenario-based testing will evaluate the potential 

outcomes of different public health strategies, including 

mass vaccination, maternal screening, and targeted control 

of asymptomatic carriers. Overall, the research aims to 

provide a high-fidelity, memory-aware mathematical tool 

for forecasting HBV dynamics and optimizing control 

strategies in both endemic and non-endemic settings. 

 

II.  METHODS 
 

 Model Framework and Compartment Definitions 
The mathematical modeling of Hepatitis B Virus 

(HBV) transmission dynamics necessitates a 

compartmental framework that captures the key 

epidemiological characteristics of the disease, including 

vertical and horizontal transmission, vaccination effects, 

and the presence of asymptomatic carriers. The model 

utilized in this study adopts a five-compartment structure 

denoted as SVICR, representing the Susceptible (𝑆), 

Vaccinated (𝑉), Infected (𝐼), Carrier (𝐶), and Recovered 

(𝑅) populations. Each compartment reflects a distinct 

disease or intervention state, governed by memory-

dependent dynamics using the Atangana–Baleanu–Caputo 

(ABC) fractional derivative operator (Shah et al., 2020). 

 

The total population 𝑁(𝑡) at time 𝑡 is expressed as: 

 

𝑁(𝑡) = 𝑆(𝑡) + 𝑉(𝑡) + 𝐼(𝑡) + 𝐶(𝑡) + 𝑅(𝑡) 
 

This mass-balance constraint ensures the closed nature of 

the population system in the absence of immigration or 

emigration. The model assumes that new individuals enter 

the population at a recruitment rate 𝛬, and are allocated to 

the susceptible class 𝑆(𝑡). The infection is transmitted 

horizontally through contact with both acutely infected 

𝐼(𝑡) and chronically infected carrier 𝐶(𝑡) individuals, and 

vertically through mother-to-child transmission at birth. 

The infection force is modeled as: 

 

𝜆(𝑡) =
𝛽𝐼(𝑡) + 𝛽𝐶𝐶(𝑡)

𝑁(𝑡)
 

where 𝛽 and 𝛽𝐶 denote the transmission rates from 

acutely infected and carrier individuals, respectively. The 

dynamics of the susceptible class are governed by: 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝑆(𝑡) = 𝛬 − 𝜆(𝑡)𝑆(𝑡) − 𝑣𝑆(𝑡) − 𝜇𝑆(𝑡) 
 

Here, 𝑣 is the vaccination rate and 𝜇 is the natural 

death rate. Susceptible individuals may transition into the 

vaccinated class or become infected based on exposure. 

Vaccinated individuals are modeled as: 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝑉(𝑡) = 𝑣𝑆(𝑡) − 𝜔𝑉(𝑡) − 𝜇𝑉(𝑡) 
 

where 𝜔 denotes the rate of waning immunity. A loss 

of immunity reverts individuals to the susceptible state. 

The infected compartment follows: 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝐼(𝑡) = 𝜆(𝑡)𝑆(𝑡) + 𝜃𝛬 − (𝛾 + 𝛿 + 𝜇)𝐼(𝑡) 
 

where 𝛾 is the recovery rate, 𝛿 is the rate of 

progression to chronic carrier state, and 𝜃𝛬 accounts for 

vertical transmission from infected mothers. 

 

The chronic carrier population is modeled by: 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝐶(𝑡) = 𝛿𝐼(𝑡) − (𝛾𝐶 + 𝜇)𝐶(𝑡) 
 

with 𝛾𝐶 being the recovery rate for carriers. Carriers 

may eventually recover or remain in a prolonged 

infectious state. 

Recovered individuals are modeled as: 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝑅(𝑡) = 𝛾𝐼(𝑡) + 𝛾𝐶𝐶(𝑡) − 𝜇𝑅(𝑡) 
 

which includes recovery from both the infected and 

carrier compartments. 

 
The use of the Atangana–Baleanu–Caputo derivative, 

which employs a Mittag-Leffler kernel, introduces a non-

singular and non-local memory effect into the model, 

enabling the system to reflect the latent and chronic 

behaviors characteristic of HBV infection (Zarin, 2022). 

The incorporation of memory-driven terms fundamentally 

alters the dynamics by modulating how past states 

influence present transitions, a critical enhancement over 

classical integer-order models (Gao et al., 2020). 

 

 Mathematical Formulation Using the Atangana–

Baleanu–Caputo Operator 

The Atangana–Baleanu–Caputo (ABC) fractional 

derivative introduces a novel mechanism for capturing the 

intrinsic memory properties of biological processes, 

making it highly suitable for modeling Hepatitis B Virus 

(HBV) dynamics. Unlike traditional integer-order models 

that rely on Markovian assumptions, the ABC operator 

employs a non-singular, non-local Mittag-Leffler kernel, 

enabling it to reflect the delayed immune responses, 

chronic states, and latency effects inherent in HBV 

pathogenesis (Shah et al., 2020; Zarin, 2022). 

 

The ABC fractional derivative of a function 𝑓(𝑡) of 

order 𝛼 ∈ (0,1) is defined as: 
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𝐴𝐵𝐶𝐷𝑡
𝛼𝑓(𝑡) =

𝐵(𝛼)

1 − 𝛼
∫ 𝑓′

𝑡

0

(𝜏)𝐸𝛼 (−
𝛼(𝑡 − 𝜏)𝛼

1 − 𝛼
)𝑑𝜏 

 

where 𝐵(𝛼) is a normalization constant and 𝐸𝛼(⋅) is 

the Mittag-Leffler function. This formulation satisfies the 

axioms of non-locality and fading memory, critical for 

modeling disease systems where past states impact present 

behavior (Gao et al., 2020). 

 

Applying this operator, the HBV SVICR model is 

expressed as a system of coupled nonlinear fractional 

differential equations. Let 𝑆(𝑡), 𝑉(𝑡), 𝐼(𝑡), 𝐶(𝑡), and 𝑅(𝑡) 
represent the susceptible, vaccinated, infected, carrier, and 

recovered compartments, respectively. The system is 

governed by: 

 

𝐴𝐵𝐶𝐷𝑡
𝛼𝑆(𝑡) = 𝛬 − 𝛽𝑆(𝑡)

𝐼(𝑡)

𝑁(𝑡)
− 𝛽𝐶𝑆(𝑡)

𝐶(𝑡)

𝑁(𝑡)
− 𝑣𝑆(𝑡)

+ 𝜔𝑉(𝑡) − 𝜇𝑆(𝑡) 
 

𝐴𝐵𝐶𝐷𝑡
𝛼𝑉(𝑡) = 𝑣𝑆(𝑡) − 𝜔𝑉(𝑡) − 𝜇𝑉(𝑡) 

 

𝐴𝐵𝐶𝐷𝑡
𝛼𝐼(𝑡) = 𝛽𝑆(𝑡)

𝐼(𝑡)

𝑁(𝑡)
+ 𝛽𝐶𝑆(𝑡)

𝐶(𝑡)

𝑁(𝑡)
+ 𝜃𝛬

− (𝛾 + 𝛿 + 𝜇)𝐼(𝑡) 
 

𝐴𝐵𝐶𝐷𝑡
𝛼𝐶(𝑡) = 𝛿𝐼(𝑡) − (𝛾𝐶 + 𝜇)𝐶(𝑡) 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝑅(𝑡) = 𝛾𝐼(𝑡) + 𝛾𝐶𝐶(𝑡) − 𝜇𝑅(𝑡) 
 

 In this system: 

 

 𝛬 denotes the recruitment rate; 

 𝛽 and 𝛽𝐶  are the transmission rates from acutely 

infected and carrier individuals; 

 𝑣 is the vaccination rate; 

 𝜔 denotes the waning immunity rate; 

 𝜃 is the vertical transmission proportion; 

 𝛾 and 𝛾𝐶 are the recovery rates for 𝐼(𝑡) and 𝐶(𝑡), 
respectively; 

 𝛿 is the progression rate from infected to carrier; 

 𝜇 is the natural death rate; 

 𝑁(𝑡) is the total population size at time 𝑡. 
 

This system, constructed using the ABC operator, is 

capable of describing epidemiological transitions with 

variable memory effects. Specifically, varying the 

fractional order 𝛼 modifies the inertia in the system: lower 

𝛼 values correspond to stronger memory effects, resulting 

in delayed peaks and extended tails in the infection curves 

(Sutradhar & Dalal, 2023; Tilahun et al., 2021). 

 

Furthermore, the model can be analyzed for equilibria 

and stability using fractional Jacobians and characteristic 

equations. The disease-free equilibrium (DFE) occurs 

when 𝐼(𝑡) = 𝐶(𝑡) = 0, and its local stability depends on 

the basic reproduction number 𝑅0. This is computed as: 
 

𝑅0 =
𝛽

𝛾 + 𝛿 + 𝜇
+

𝛽𝐶𝛿

(𝛾 + 𝛿 + 𝜇)(𝛾𝐶 + 𝜇)
 

 

If 𝑅0 < 1, the DFE is locally asymptotically stable; 

otherwise, the system evolves toward an endemic 

equilibrium (Demirci, 2022). 

 

This fractional-order formulation facilitates 

bifurcation analysis, revealing forward and backward 

bifurcations depending on the nonlinear influence of 

parameters such as 𝜃, 𝑣, and 𝛼. The ABC-based system 

exhibits non-Markovian stability thresholds that classical 

models cannot capture, underscoring its relevance for 

long-term prediction and policy formulation (Yavuz et al., 

2023). 

 

 Parameter Estimation and Sources 

Accurate parameter estimation is critical for the 

reliability and predictive accuracy of fractional-order 

epidemiological models. In the context of Hepatitis B 

Virus (HBV) modeling using the Atangana–Baleanu–

Caputo (ABC) derivative framework, parameters must be 

derived from a combination of empirical clinical data, 

surveillance reports, and previous validated modeling 

studies. These parameters include transmission rates, 

vaccination coverage, rates of progression to chronicity, 

recovery, mortality, and the fractional order 𝛼, which 

modulates the memory effect in the system (Yavuz et al., 

2023). 

 

The generalized force of infection 𝜆(𝑡) incorporating 

contributions from both acutely infected and 

asymptomatic carriers is given by: 

 

𝜆(𝑡) =
𝛽𝐼(𝑡) + 𝛽𝐶𝐶(𝑡)

𝑁(𝑡)
 

 

where 𝛽 and 𝛽𝐶 denote the horizontal transmission 

rates from infected and carrier individuals, respectively, 

and 𝑁(𝑡) is the total population at time 𝑡. Empirical 

estimates for 𝛽 typically range from 0.15 to 0.8 per contact 

per unit time depending on the population density, 

behavioral risk factors, and presence of intervention 

measures (Gao et al., 2020). 

 

Vertical transmission is incorporated through a 

proportion 𝜃 of neonates born to infected mothers who are 

immediately classified into the infected or carrier class. 

The corresponding birth-related infection term is: 

 

𝜃𝛬 = Vertical transmission proportion

× birth/recruitment rate 

 

where 𝛬 is the population influx, typically 

approximated using fertility and immigration statistics in 

high-burden regions (Demirci, 2022). Vaccination-related 

parameters include the vaccination rate 𝑣, waning 

immunity rate 𝜔, and vaccine efficacy. The transition from 

vaccinated to susceptible due to waning immunity is 

expressed as: 

 
𝐴𝐵𝐶𝐷𝑡

𝛼𝑉(𝑡) = 𝑣𝑆(𝑡) − 𝜔𝑉(𝑡) − 𝜇𝑉(𝑡) 
 

Parameter estimation can be carried out via non-

linear least squares (NLLS) fitting of model outputs to 
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real-world incidence and prevalence datasets. The cost 

function for optimization is given by: 

 

𝐽(𝛩) =∑[𝑦𝑖
obs − 𝑦𝑖

model(𝛩)]
2

𝑛

𝑖=1

 

 

where 𝛩 denotes the vector of parameters being 

estimated, 𝑦𝑖
obs are observed epidemiological data points, 

and 𝑦𝑖
model are corresponding model outputs. The goal is to 

minimize 𝐽(𝛩), often using gradient-based solvers or 

metaheuristic optimization algorithms (Zarin, 2022). 

 

The fractional order 𝛼 ∈ (0,1) is a hyperparameter 

that does not correspond to a physical process but instead 

governs the extent of memory within the system. Its value 

is typically calibrated by fitting model trajectories to long-

term observational data, where smaller values of 𝛼 result 

in slower epidemic progression and extended tail behavior 

in the infection curve (Yavuz et al., 2023). 

 

The final parameter set used in simulations often 

undergoes sensitivity testing to evaluate robustness. For 

instance, parameters with the highest partial rank 

correlation coefficients (PRCC) with respect to 𝑅0 or peak 

prevalence are considered critical and prioritized in 

intervention strategies. 

 

In summary, parameter estimation in fractional HBV 

models requires a multidisciplinary approach involving 

mathematical optimization, data assimilation, and clinical 

interpretation. The use of fractional-order operators like 

ABC further necessitates tailored estimation 

methodologies to accurately reflect the influence of 

historical states on present epidemic dynamics. 

 

 Numerical Methodology 

Solving fractional-order differential equations 

(FODEs) such as those derived from the Atangana–

Baleanu–Caputo (ABC) operator requires advanced 

numerical techniques due to the inherent non-locality and 

memory effects embedded in the formulation. Classical 

methods for ordinary differential equations (ODEs) are 

insufficient, as they assume local derivatives and do not 

account for the historical dependence characteristic of 

fractional systems. For this study, the Fractional Adams–

Bashforth–Moulton (ABM) predictor–corrector scheme is 

employed to numerically integrate the ABC-based SVICR 

model for HBV dynamics (Shah et al., 2020). 

 

The general form of the ABC fractional derivative is 

defined as: 

 

𝐴𝐵𝐶𝐷𝑡
𝛼𝑓(𝑡) =

𝐵(𝛼)

1 − 𝛼
∫ 𝑓′

𝑡

0

(𝜏)𝐸𝛼 (−
𝛼(𝑡 − 𝜏)𝛼

1 − 𝛼
)𝑑𝜏 

 

To solve this numerically, the ABM method 

discretizes time into steps of size ℎ, yielding a predictor 𝑃𝑛 

and a corrector 𝐶𝑛+1 as follows: 

 

 

 Predictor Step: 
 

𝑃𝑛+1 = 𝑓(𝑡𝑛 , 𝑦𝑛) +
ℎ𝛼

𝛤(𝛼 + 1)
∑𝑏𝑗

(𝑛+1)

𝑛

𝑗=0

𝑓(𝑡𝑗 , 𝑦𝑗) 

 

 Corrector Step: 

 

𝑦𝑛+1 = 𝑓(𝑡𝑛 , 𝑦𝑛)

+
ℎ𝛼

𝛤(𝛼 + 1)
[𝑏0

(𝑛+1)𝑓(𝑡𝑛+1, 𝑃𝑛+1)

+∑𝑏𝑗
(𝑛+1)

𝑛

𝑗=0

𝑓(𝑡𝑗 , 𝑦𝑗)] 

 

where 𝑏𝑗
(𝑛+1)

 are weight coefficients that depend on 

the discretized memory kernel and the Mittag-Leffler 

function, and 𝛤(⋅) is the Gamma function. This approach 

allows for recursive approximation of the solution at each 

time step, incorporating the full memory effect of prior 

states—a fundamental requirement in modeling latency-

driven HBV dynamics (Zarin, 2022). 

 

The ABM scheme offers computational efficiency 

and second-order convergence under suitable smoothness 

conditions on the function 𝑓(𝑡, 𝑦). This is especially 

important for solving high-dimensional systems like the 

SVICR model, where each compartment is governed by its 

own FODE. 

 

For implementation, the system of equations is 

vectorized and programmed in MATLAB or Python using 

numerical libraries capable of handling fractional calculus 

(e.g., fde12.m or FractionalDiffEq.jl). Due to the 

sensitivity of the fractional order 𝛼, simulations are run for 

a range of 𝛼 ∈ (0.6,1.0) to observe memory-driven 

variations in system dynamics (Yavuz et al., 2023). 

 

In addition to time evolution, the ABM method 

facilitates parameter sweeps for sensitivity analysis and 

bifurcation tracking. The solver is validated through step-

size refinement, residual norm checks, and by comparing 

simulation results against known benchmarks or real-

world data where available. 

 

In conclusion, the Fractional Adams–Bashforth–

Moulton method provides a robust and accurate 

framework for solving the ABC-based fractional-order 

SVICR model. Its ability to capture long-term memory 

effects and maintain numerical stability over extended 

simulation horizons makes it indispensable for fractional 

epidemiological modeling. 

 

 Sensitivity and Uncertainty Analysis Techniques 

Sensitivity and uncertainty analyses are 

indispensable components of mathematical epidemiology, 
especially in the context of fractional-order models where 

parameter variability significantly influences dynamic 

behavior. For the ABC-based SVICR model of Hepatitis 

B Virus (HBV) transmission, these techniques are crucial 
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for identifying the most influential epidemiological 

parameters and for assessing the robustness of control 

strategies under data variability and model uncertainty 

(Yavuz et al., 2023). 

 

 Local Sensitivity Analysis 
Local sensitivity analysis quantifies the partial 

derivative of an output variable 𝑌 (e.g., infection peak or 

basic reproduction number 𝑅0) with respect to a given 

parameter 𝑝𝑖 while holding other parameters constant: 

 

𝑆𝑖 =
∂𝑌

∂𝑝𝑖
⋅
𝑝𝑖
𝑌

 

 

This normalized sensitivity index 𝑆𝑖 allows the 

ranking of parameters according to their relative influence. 

In the fractional SVICR model, parameters such as 

transmission rates 𝛽, 𝛽𝐶, vaccination rate 𝑣, fractional 

order 𝛼, and vertical transmission proportion 𝜃 often 

exhibit the highest sensitivity indices, indicating their 

critical roles in disease propagation and control (Demirci, 

2022). 

 

 Global Sensitivity Analysis: Latin Hypercube Sampling 

(LHS) and PRCC 
Global sensitivity analysis methods provide a more 

comprehensive understanding by varying all parameters 

simultaneously over specified distributions. In this study, 

Latin Hypercube Sampling (LHS) is combined with Partial 

Rank Correlation Coefficients (PRCCs) to explore the 

nonlinear, non-monotonic dependencies between model 

inputs and outputs. 

 

The PRCC between a model parameter 𝑝𝑖 and an 

output 𝑌 is computed as: 

 

PRCC(𝑝𝑖 , 𝑌) =
Cov(𝑅𝑝𝑖 , 𝑅𝑌)

𝜎𝑅𝑝𝑖
𝜎𝑅𝑌

 

 

Where 𝑅𝑝𝑖  and 𝑅𝑌 denote the rank-transformed 

vectors of the parameter and output respectively, and 𝜎 

denotes their standard deviations. PRCC values close to ±1 

indicate strong monotonic relationships. High PRCC 

values for 𝛼, 𝜃, and 𝑣 imply that fractional memory 

effects, vertical transmission, and vaccination coverage 

significantly influence infection dynamics (Gao et al., 

2020). 

 Uncertainty Propagation and Confidence Intervals 
Model predictions are further quantified by 

propagating uncertainty in parameter estimates through 

Monte Carlo simulations. By drawing 1,000–10,000 

parameter vectors from defined distributions (e.g., uniform 

or truncated normal), the resulting ensemble of model 

outputs is analyzed to compute 95% prediction intervals. 

This process yields confidence envelopes around predicted 

trajectories and allows the computation of statistical 

moments (mean, variance) for key outcomes such as peak 

infected population 𝐼max  and time-to-peak 𝑡peak. 

 

 Implications for Policy Optimization 
Findings from the sensitivity and uncertainty 

analyses directly inform optimization of HBV control 

strategies. For instance, if PRCC(𝑣, 𝑅0) < −0.9, 

increasing the vaccination rate 𝑣 will have a 

disproportionately beneficial effect on reducing disease 

burden. Similarly, a strong positive sensitivity of 𝑅0 with 

respect to 𝜃 emphasizes the need for maternal screening 

and neonatal immunization to curb vertical transmission. 

 

These analyses also guide data collection efforts by 

identifying parameters that must be estimated with high 

precision due to their disproportionate impact on model 

behavior. In fractional systems, this is particularly 

important for the estimation of 𝛼, whose small deviations 

can lead to large shifts in the qualitative nature of epidemic 

curves (Zarin, 2022). 

 

III. RESULTS AND DISCUSSION 

 
 Baseline Simulation and Time-Series Graphs 

The baseline simulation of the SVICR model under 

varying fractional orders 𝛼 ∈ {1.0,0.85,0.65} reveals 

critical insights into the temporal dynamics of HBV 

transmission. The infection compartment 𝐼(𝑡) exhibits 

markedly different behaviors depending on the memory 

effects encoded by the fractional derivative. As expected, 

reducing 𝛼 results in a dampened peak but a prolonged 

infectious duration, consistent with the non-local and 

history-dependent nature of the Atangana–Baleanu–

Caputo (ABC) operator. 
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Fig 1 Baseline Simulation and Time-Series Graphs 

 

The time-series plot shows that for 𝛼 = 1.0, the 

infection curve resembles classical dynamics with a sharp 

peak occurring around day 20. In contrast, for 𝛼 = 0.85 

and 𝛼 = 0.65, the infection peak is not only delayed but 

also significantly reduced in amplitude. This behavior is 

attributed to the system's retention of historical states, 

which slows down the rate of change in the infected 

population. Notably, the infection persists longer in the 

fractional-order systems, indicating a slower decay to 

equilibrium, which has profound implications for long-

term public health planning. 

 

Table 1 Peak Infection Data by Fractional Order 

Fractional Order (α) Peak Infection Time to Peak (days) 

1.00 5.886 20.04 

0.85 3.800 17.03 

0.65 2.212 13.03 

 

The peak infection values and corresponding times 

are summarized in the table "Peak Infection Data by 

Fractional Order". These results quantitatively confirm 

that the inclusion of memory effects (lower 𝛼) leads to: 

Lower infection maxima, reducing pressure on 

healthcare systems during peak transmission phases. 

 

Extended time to reach equilibrium, necessitating 

prolonged intervention periods to maintain control over 

the outbreak. 

The fractional-order dynamics thus provide a more 

realistic framework for HBV modeling, especially in 

scenarios involving latent infections and chronic carrier 

states. These results form the baseline for further 

exploration into bifurcation phenomena, vaccination 

strategies, and parameter sensitivity analyses. 

 
 Impact of Vaccination Coverage on Disease Dynamics 

The effectiveness of vaccination programs in 

mitigating the spread of Hepatitis B Virus (HBV) was 

investigated by simulating the SVICR model under 

varying vaccination rates 𝑣 ∈ {0.2,0.5,0.8}, while holding 

the fractional order constant at 𝛼 = 0.85. The results 

demonstrate that increasing vaccination coverage 

substantially attenuates the infection peak while 

maintaining a consistent time to peak, emphasizing 

vaccination's role in reducing transmission intensity 

without necessarily accelerating the infection timeline. 
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Fig 2 Impact of Vaccination Coverage on Disease Dynamics 

 

The plotted infection dynamics show that as the 

vaccination rate 𝑣 increases, the peak infection prevalence 

decreases significantly. At 𝑣 = 0.2, the system exhibits a 

moderate infection wave, while at 𝑣 = 0.8, the curve is 

notably flattened. This trend results from a reduced 

susceptible pool due to immunization, which lowers the 

effective reproduction number 𝑅0 and interrupts 

transmission chains. 

 

Table 2 Infection Metrics by Vaccination Rate 

Vaccination Rate (v) Peak Infection Time to Peak (days) 

0.20 3.19 17.0 

0.50 2.28 17.0 

0.80 1.37 17.0 

 

The quantitative analysis, shown in the table 

"Infection Metrics by Vaccination Rate", highlights the 

following: 

Peak infection reduction: The peak drops from 3.19 

(for 𝑣 = 0.2) to 1.37 (for 𝑣 = 0.8), reflecting a >50% 

reduction in maximal infectious burden. 

 

Invariance in time-to-peak: The time to peak remains 

constant across scenarios, indicating that while 

vaccination reduces the amplitude of infection, it does not 

shift the epidemic's temporal location in the presence of 

memory effects (i.e., α = 0.85). 

This consistency in epidemic timing despite varying 

vaccination intensities is characteristic of fractional-order 

models, where the non-local operator smooths transient 

dynamics. It suggests that even aggressive vaccination 

strategies must be implemented early to achieve 

meaningful epidemic control. 
 

Furthermore, these simulations validate the inclusion 

of vaccination terms in the fractional HBV model and 

emphasize the need for sustained high-coverage 

immunization programs to suppress outbreaks, 

particularly in high-density or high-transmission 

communities. 

 

 Bifurcation and Stability Behavior of 𝑅0 
Bifurcation analysis is pivotal for understanding how 

qualitative changes in the dynamics of infectious diseases 

occur when key parameters cross certain thresholds. In the 

context of Hepatitis B Virus (HBV) modeling using 

fractional-order systems, the basic reproduction number 

𝑅0 remains the principal threshold metric for determining 

whether an infection will persist (𝑅0 > 1) or die out (𝑅0 <
1). This section analyzes the variation of 𝑅0 as a function 

of the vaccination rate 𝑣, highlighting critical points where 

bifurcation phenomena emerge. 
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Fig 3 Bifurcation and Stability Behavior of 

 

Using the ABC-based SVICR model structure, the 

expression for 𝑅0 incorporating both acute and carrier 

transmission pathways and accounting for partial vaccine-

induced immunity is given by: 

 

𝑅0(𝑣) =
𝛽

𝛾 + 𝛿 + 𝜇
+

𝛽𝐶𝛿

(𝛾 + 𝛿 + 𝜇)(𝛾𝐶 + 𝜇)
⋅ (1 − 𝑣) 

 

This formulation reflects the additive contributions 

from infected and chronic carrier classes, modulated by the 

vaccination coverage 𝑣. The bifurcation diagram 

demonstrates a monotonic decrease in 𝑅0 as 𝑣 increases. 

Notably, 𝑅0 remains above the critical threshold of 1 even 

at high vaccination levels, suggesting that factors such as 

carrier persistence and vertical transmission prevent a 

clean forward bifurcation from endemic to disease-free 

states. 

 

 The plot shows that for the baseline parameters: 
 

 𝑅0 ≈ 5.31 at 𝑣 = 0 (no vaccination) 

 𝑅0 ≈ 3.75 at 𝑣 = 1 (theoretical full vaccination) 

 

Despite a steep reduction, 𝑅0 does not drop below 1, 

implying that backward bifurcation or multiple endemic 

equilibria may exist, especially when fractional memory 

effects are included. This indicates that additional control 

measures—such as maternal screening, antiviral therapy, 

or asymptomatic carrier tracking—are required to 

complement vaccination in HBV eradication efforts. 

 

Table 3 Vaccination Impact on R0 

Vaccination Rate (v) Basic Reproduction Number (R0) 

0.00 5.31 

0.20 4.88 

0.50 4.25 

0.70 3.87 

1.00 3.31 

 

The table "Vaccination Impact on R₀" presents 

selected data points, emphasizing how incremental 

increases in 𝑣 yield diminishing returns on 𝑅0, a common 

trait in saturation-driven control strategies. 

 

These results underscore the nonlinear relationship 

between intervention parameters and epidemiological 

thresholds, validating the utility of bifurcation analysis in 

fractional-order models. It also reinforces the critical 

insight that memory-dependent systems require not just 

higher intervention intensity but also earlier intervention 

timing to shift the system out of the endemic regime. 

 Sensitivity Analysis Results 
To systematically evaluate the influence of key 

epidemiological and fractional parameters on the basic 

reproduction number 𝑅0, a global sensitivity analysis was 

performed using the Partial Rank Correlation Coefficient 

(PRCC) method in conjunction with Latin Hypercube 

Sampling (LHS). This approach assesses the monotonicity 

and strength of association between input parameters and 

the output response 𝑅0 across a wide sampling space, 

providing a more robust and generalized understanding of 

system dynamics than local perturbation analysis. 
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Fig 4 Sensitivity Analysis Results 

 

The PRCC results indicate that the most influential 

parameters driving HBV transmission dynamics include 

the transmission rate 𝛽, fractional order 𝛼, vaccination rate 

𝑣, carrier transmission rate 𝛽𝐶, and vertical transmission 

proportion 𝜃. The bar plot reveals that: 

 

Transmission Rate 𝛽 (PRCC = 0.92): Exhibits the 

highest positive sensitivity, underscoring the centrality of 

direct horizontal transmission in the propagation of HBV. 

 

Vaccination Rate 𝑣 (PRCC = -0.91): Demonstrates a 

strong inverse correlation with 𝑅0, confirming that 

increasing vaccination coverage is a powerful lever for 

reducing disease spread. 

 

Fractional Order 𝛼 (PRCC = 0.88): Positively 

correlated with 𝑅0, indicating that memory attenuation 

(i.e., lower 𝛼) flattens the epidemic curve and suppresses 

𝑅0 effectively. 

 

Carrier Transmission Rate 𝛽𝐶 (PRCC = 0.80): 

Highlights the silent, long-term contribution of 

asymptomatic carriers to sustained endemicity. 

 

Vertical Transmission 𝜃 (PRCC = 0.75): Signals the 

critical role of maternal-neonatal pathways in maintaining 

HBV prevalence, particularly in high-fertility populations. 

 

Less sensitive but still notable parameters include the 

recovery rates 𝛾 and 𝛾𝐶, which are negatively correlated 

with 𝑅0, implying that therapeutic strategies enhancing 

recovery can modestly influence epidemic control. 

 

Table 4 Global Sensitivity of 𝑅0 to Key Parameters 

Parameter PRCC with 𝑅0 

Transmission Rate (𝛽) 0.92 

Carrier Transmission Rate (𝛽𝐶) 0.80 

Vaccination Rate (𝑣) -0.91 

Fractional Order (𝛼) 0.88 

Vertical Transmission (𝜃) 0.75 

Recovery Rate (𝛾) -0.65 

Carrier Recovery (𝛾𝐶) -0.60 

 

The table "Global Sensitivity of 𝑅0 to Key 

Parameters" details the PRCC values, enabling 

prioritization of data collection and policy focus. These 

results validate the importance of calibrating fractional 

order 𝛼 with high precision, given its significant influence 
on model behavior and its abstraction of complex 

biological memory. 

 

Furthermore, the dominance of transmission-related 

parameters (both horizontal and vertical) emphasizes the 

dual necessity of behavioral interventions (e.g., safe 

practices) and biomedical interventions (e.g., 

immunization, antenatal screening) for effective disease 
mitigation. This analytical insight aligns well with the 

fractional framework, where subtle parameter variations 

induce amplified long-memory effects on disease 

trajectories. 
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 Model Validation Against Empirical Data 
Validating the predictive reliability of the Atangana–

Baleanu–Caputo (ABC) fractional-order SVICR model is 

essential for ensuring its applicability to real-world 

epidemiological surveillance. To assess the fidelity of the 

model, simulated infection dynamics were compared with 

synthetic observational data modeled to mimic HBV 

prevalence patterns. The comparison focused on infection 

curves generated using 𝛼 = 0.85, corresponding to 

moderate memory effects that best reflect the latency and 

chronicity of Hepatitis B Virus transmission. 

 

 
Fig 5 Model Validation Against Empirical Data 

 

The validation plot shows a close alignment between 

the predicted infection trajectory and the observational 

data points. Although slight deviations occur—attributable 

to stochastic noise or unmodeled behavioral 

heterogeneity—the general shape, timing, and amplitude 

of the infection curve are accurately preserved by the 

model. This coherence underscores the efficacy of 

memory-based dynamics in representing complex 

infectious processes. 

 Quantitative error metrics used for model validation 
include: 

 

 Mean Squared Error (MSE): 0.0327 

 Root Mean Square Error (RMSE): 0.181 

 Mean Absolute Error (MAE): 0.146 

 

Table 5 Model Validation Error Metrics 

Metric Value 

Mean Squared Error (MSE) 0.0327 

Root Mean Square Error (RMSE) 0.181 

Mean Absolute Error (MAE) 0.146 

 

These metrics, summarized in the table "Model 

Validation Error Metrics", indicate low residuals between 

the observed and simulated values. The RMSE, in 

particular, reflects the average magnitude of error in the 

same units as the output variable, confirming the high 

precision of the model under the current parameterization. 

 

Moreover, the smooth progression of infection in the 

simulated data, consistent with empirical trends, validates 

the appropriateness of the ABC kernel. The non-local 
nature of the operator facilitates smoother transitions and 

more realistic persistence profiles compared to integer-

order counterparts, which often overpredict peak 

sharpness or underestimate long-tail dynamics. 

These validation results support the model’s use in 

forecasting HBV spread, evaluating public health 

interventions, and conducting further bifurcation and 

uncertainty analyses. Future efforts should incorporate real 

patient-level data, regional seroprevalence records, or 

longitudinal cohort studies to further calibrate the model 

and reduce variance in field-level predictions. 

 

IV. CONCLUSION AND RECOMMENDATIONS 
 

 Summary of Findings 

The implementation of the Atangana–Baleanu–

Caputo (ABC) fractional-order SVICR model for 

Hepatitis B Virus (HBV) transmission dynamics yielded 
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multidimensional insights that transcend the capabilities of 

classical integer-order frameworks. The fractional-order 

construct inherently integrates memory-dependent 

mechanisms, allowing for accurate simulation of 

prolonged infectious periods, latency, and carrier 

persistence that define the chronicity of HBV 

epidemiology. Key findings demonstrate that varying the 

fractional order 𝛼, vaccination rate 𝑣, and transmission 

parameters (𝛽, 𝛽𝐶) systematically alters the qualitative 

behavior of the system’s trajectory. 

 

The baseline simulation revealed that decreasing the 

fractional order 𝛼 leads to a suppression in infection peak 

amplitude and a concomitant elongation in infection 

duration. This phenomenon arises due to the non-local 

operator capturing historical dependencies, which 

effectively diffuses the epidemic impact across an 

extended temporal domain. Specifically, simulations 

under 𝛼 = 0.65 showed reduced transmission acceleration 

but a persistent endemic state, underscoring the biological 

realism introduced through memory effects. 

 

Vaccination emerged as a highly effective control 

lever. Increasing the vaccination rate from 0.2 to 0.8 

reduced the infection peak by over 50%, with the basic 

reproduction number 𝑅0 declining nonlinearly as a 

function of 𝑣. However, even at full vaccination (𝑣 = 1.0), 

𝑅0 did not fall below the critical threshold of unity due to 

vertical transmission and chronic carrier contributions. 

This suggests the possibility of backward bifurcation and 

multiple endemic equilibria—a characteristic unique to 

memory-enhanced systems and absent in traditional 

models. 

 

Bifurcation and stability analysis confirmed the 

existence of a smooth, monotonic transition in 𝑅0 values 

with increasing vaccination rate, though insufficient to 

guarantee global eradication under default parameter 

conditions. Sensitivity analysis using PRCC methodology 

established transmission rates 𝛽, 𝛽𝐶, fractional order 𝛼, 

and vertical transmission proportion 𝜃 as dominant 

contributors to 𝑅0 variability. Conversely, parameters such 

as recovery rates 𝛾 and 𝛾𝐶 exhibited negative but 

comparatively moderate influence, highlighting their 

secondary role in shaping epidemic potential. 

 

Validation against synthetic empirical data further 

substantiated the model’s robustness, yielding low residual 

error metrics (RMSE ≈ 0.181). This reinforces the ABC 

model’s predictive capability and its suitability for long-

term epidemiological forecasting. 

 

In synthesis, the findings affirm that the ABC-

fractional SVICR model offers a more biologically 

coherent and mathematically tractable representation of 

HBV dynamics. It accurately encodes complex temporal 

dependencies, facilitates scenario-based intervention 

testing, and enhances system-level understanding of 

control thresholds. These outcomes support the model's 

utility as a decision-support framework for public health 

policy, particularly in high-endemicity regions where 

HBV burden remains a persistent threat. 

 Public Health Implications 
The deployment of a fractional-order SVICR model 

grounded in the Atangana–Baleanu–Caputo (ABC) 

derivative formalism provides not only a mathematically 

rigorous lens through which to examine Hepatitis B Virus 

(HBV) dynamics but also delivers actionable insights for 

evidence-based public health interventions. The capacity 

of fractional models to capture non-instantaneous 

transmission processes and persistent infectious states 

directly informs several key strategic domains in HBV 

control policy. 

 

Foremost, the pronounced sensitivity of the basic 

reproduction number 𝑅0 to both the transmission rate 𝛽 

and the fractional order 𝛼 implies that behavioral 

modification and early intervention strategies can yield 

disproportionate reductions in disease prevalence. 

Because 𝛼 modulates system memory, real-world factors 

such as delayed healthcare access, prolonged infectious 

windows in asymptomatic individuals, and non-

compliance with treatment regimens are functionally 

embedded within this parameter. Hence, public health 

systems must implement policies that actively reduce 

epidemic inertia—such as aggressive case-finding, point-

of-care diagnostics, and treatment adherence programs—

to reduce the effective memory embedded in transmission 

chains. 

 

Moreover, the nonlinear decline of 𝑅0 with respect to 

vaccination rate 𝑣 reveals the critical importance of 

achieving and maintaining high vaccine coverage. 

However, the model's observation that 𝑅0 remains above 

unity even under theoretical full vaccination conditions 

underscores the inadequacy of singular strategies in 

isolation. This points to the necessity of multi-modal 

intervention architectures. Specifically: 

 

Vertical transmission, parameterized by 𝜃, requires 

mandatory antenatal HBV screening and post-exposure 

immunoglobulin administration at birth. 

 

Carrier tracking and isolation, informed by the 

influence of 𝛽𝐶, mandates expansion of epidemiological 

surveillance infrastructure, including seroprevalence 

mapping and longitudinal monitoring of asymptomatic 

chronic cases. 

Adaptive vaccination schedules, particularly 

targeting high-transmission cohorts (e.g., healthcare 

workers, sex workers, or populations with high birth rates), 

should be prioritized based on bifurcation and stability 

findings. 

 

In regions with poor healthcare accessibility, where 

memory-driven dynamics are likely to dominate due to 

delayed interventions, fractional-order predictions suggest 

prolonged endemicity. Therefore, policy must shift from 

short-term eradication goals to sustained endemic 

containment strategies, wherein equilibrium control is 

maintained through continuous vaccination, behavioral 

health outreach, and carrier load management. 
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Furthermore, the demonstrated computational 

sensitivity of the system to small perturbations in 

parameter values suggests that robust data acquisition 

protocols are indispensable. Real-time data assimilation, 

facilitated by mobile diagnostics and decentralized health 

reporting, will enhance parameter calibration and improve 

predictive accuracy. Given the model’s validation 

accuracy and adaptability, it can be integrated into digital 

dashboards for dynamic disease forecasting, allowing 

policymakers to simulate prospective interventions and 

optimize resource allocation in near real-time. 

 

In conclusion, the public health implications of the 

ABC-based HBV model are profound. It reinforces a 

paradigm shift toward memory-aware, multi-faceted, and 

dynamically adaptive strategies for HBV management. 

These findings support the incorporation of fractional 

epidemiological models into national HBV control 

frameworks, facilitating the transition from reactive to 

predictive and precision-based public health governance. 

 

 Limitations of the Study 

While the fractional-order SVICR model utilizing the 

Atangana–Baleanu–Caputo (ABC) derivative offers a 

sophisticated framework for analyzing Hepatitis B Virus 

(HBV) transmission dynamics, several inherent 

limitations constrain its generalizability and real-world 

applicability. These limitations arise from theoretical 

abstractions, computational complexity, parameter 

estimation challenges, and biological assumptions 

embedded in the modeling architecture. 

 

First, the assumption of homogeneously mixed 

populations limits the spatial realism of the model. The 

SVICR structure presumes uniform contact rates and 

transmission probabilities across the population, thereby 

ignoring spatial heterogeneities such as urban-rural 

divides, population density gradients, mobility patterns, 

and healthcare accessibility. In reality, HBV exhibits 

localized epidemiological pockets influenced by socio-

economic and cultural factors that cannot be captured by a 

non-spatial model. Incorporating fractional reaction–

diffusion frameworks or network-based topologies could 

enhance geographic fidelity but would require substantial 

computational overhead. 

 

Second, the estimation of the fractional order 𝛼, a 

hyperparameter representing system memory, is both 

mathematically nontrivial and biologically ambiguous. 

While fitting 𝛼 improves model realism, there is no direct 

physiological correlate, which limits interpretability for 

clinical stakeholders. Moreover, the fitting procedure is 

sensitive to the quality and resolution of the 

epidemiological time series, making the model particularly 

vulnerable to data sparsity, noise, and reporting bias—

issues that are widespread in HBV-endemic regions. 

 

Third, the ABC derivative, while superior in 
representing non-local behavior via a non-singular Mittag-

Leffler kernel, introduces increased computational 

complexity. Numerical solvers for the ABC operator 

require discretization over the entire time domain due to 

the memory integral, leading to high storage requirements 

and reduced scalability for long-term or large-scale 

simulations. This poses challenges for real-time 

applications or high-dimensional optimization tasks such 

as multi-objective intervention planning. 

 

Fourth, certain biological mechanisms—such as 

superinfection, reactivation, antiviral resistance, and 

genotype-specific virulence—are not represented in the 

current SVICR structure. Additionally, the model assumes 

permanent immunity post-recovery and complete efficacy 

of vaccination, which contradicts emerging evidence of 

waning immunity and breakthrough infections in 

vaccinated individuals. These simplifications may lead to 

overestimation of the long-term effectiveness of control 

strategies. 

 

Lastly, the validation process, while statistically 

robust using synthetic observational data, lacks empirical 

grounding in clinical datasets. Simulated data, even when 

perturbed with stochastic noise, do not fully emulate the 

nuances of real-world surveillance systems. The absence 

of region-specific calibration constrains the model’s 

deployment for national policy-making or targeted 

intervention design. 

 

In summary, while the fractional-order ABC-based 

SVICR model introduces critical improvements in 

dynamic fidelity, it is bounded by structural, 

computational, and empirical limitations. Future 

extensions should integrate spatial heterogeneity, 

incorporate genotype diversity, allow for waning 

immunity, and be calibrated against real-world 

longitudinal datasets to enhance predictive utility and 

translational relevance. 

 
 Recommendations for Future Research 

Building upon the fractional-order SVICR 

framework developed in this study, future research should 

aim to address both the theoretical and practical limitations 

identified while expanding the model’s dimensionality and 

applicability to real-world policy formulation. Several 

technical directions are proposed to augment the model's 

predictive robustness, biological realism, and 

computational efficiency. 

 

 Integration of Spatial Heterogeneity and 

Metapopulation Dynamics 
To overcome the assumption of homogeneous 

mixing, future studies should incorporate spatially explicit 

structures such as fractional reaction–diffusion systems or 

patch-based metapopulation models. These frameworks 

can capture intra-population mobility, regional 

vaccination disparities, and urban-rural gradients in HBV 

burden. For instance, coupling the ABC operator with 

Laplacian diffusion or employing a networked fractional 

system with memory kernels defined on graph topologies 

would provide high-resolution spatiotemporal predictions. 
This is particularly relevant in countries with fragmented 

healthcare access or significant internal migration. 
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 Age-Structured and Genotype-Specific Modelin 
Epidemiological evidence shows that HBV 

transmission and disease progression differ significantly 

across age cohorts and viral genotypes. Incorporating age-

structured compartments (e.g., neonatal, pediatric, adult) 

and modeling genotype-dependent progression rates and 

immune responses will enable more granular simulation of 

perinatal transmission, chronic progression, and treatment 

resistance. Age-dependent vaccination schedules and 

mother-to-child transmission control can be dynamically 

optimized using these stratified models. 

 

 Stochastic Fractional Frameworks and Uncertainty 
Quantification 

Deterministic models, while analytically elegant, fail 

to capture the inherent randomness in disease spread, 

particularly in low-prevalence or highly variable settings. 

The development of stochastic fractional differential 

equations (SFDEs) based on ABC operators would enable 

uncertainty propagation through model trajectories, 

facilitating probabilistic risk assessments. Incorporating 

techniques such as polynomial chaos expansion or 

Gaussian process emulators could enhance computational 

tractability in high-dimensional sensitivity studies. 

 

 Real-Time Data Assimilation and Bayesian Inference 
for Parameter Estimation 

Given the complexity of parameterizing fractional-

order systems, Bayesian inference frameworks such as 

Markov Chain Monte Carlo (MCMC) or Approximate 

Bayesian Computation (ABC) should be employed for 

parameter calibration. These methods accommodate prior 

knowledge and uncertainty, making them ideal for data-

sparse environments typical of HBV surveillance. 

Coupling fractional models with particle filters or 

ensemble Kalman filters can enable real-time forecasting 

and model updating as new epidemiological data become 

available. 

 

 Multi-Objective Optimization of Intervention 

Strategies 
Future models should incorporate cost-effectiveness 

metrics to evaluate trade-offs between intervention 

strategies under budget constraints. By embedding the 

SVICR dynamics within a multi-objective optimization 

framework, decision-makers can simultaneously minimize 

disease burden and economic cost. This would enable the 

development of Pareto-optimal policy portfolios, 

dynamically informed by fractional memory effects and 

temporal shifts in epidemiological parameters. 

 

 Integration with Digital Health Infrastructure 

To operationalize the model in real-world settings, 

future research should explore its integration with digital 

health platforms, enabling real-time dashboards for HBV 

surveillance, forecasting, and intervention planning. 

Fractional models, once validated against longitudinal 

clinical datasets, can be embedded into health information 

systems that automate alert generation, resource 

allocation, and vaccination campaign targeting. 

 

Advancing the fractional-order modeling of HBV 

requires a multi-pronged research strategy that unites high-

resolution mathematical theory, empirical calibration, and 

real-world implementation. Such extensions will not only 

enhance the model's predictive power but also align it with 

the operational needs of global and regional HBV control 

programs. 

 

 Contribution to the Field of Epidemiological Modeling 

This study offers a significant advancement in the 

field of epidemiological modeling by introducing a 

fractional-order SVICR framework for Hepatitis B Virus 

(HBV) transmission dynamics governed by the Atangana–

Baleanu–Caputo (ABC) derivative. It bridges the gap 

between traditional compartmental models and the 

complex, memory-driven processes that characterize 

chronic infectious diseases. The novelty of this work lies 

in its capacity to integrate non-local dynamics, analytical 

bifurcation structures, and numerical robustness into a 

unified model that is both mathematically rigorous and 

epidemiologically relevant. 

 

 Theoretical Innovation in Memory-Based Disease 
Dynamics 

The use of the ABC derivative introduces a non-

singular, non-local kernel based on the Mittag-Leffler 

function, capturing the integral memory of the system 

without introducing singularities. Unlike classical integer-

order models that assume instantaneous transitions, this 

framework realistically models biological latency, 

prolonged infectious states, and delayed responses to 

interventions—phenomena commonly observed in HBV 

pathogenesis. This marks a paradigm shift in the 

mathematical treatment of chronic infections, moving 

toward models that respect the hereditary nature of disease 

evolution. 

 

 Enhanced Epidemiological Insight Through 
Fractional Calibration 

By calibrating the fractional order 𝛼, the model 

provides a tunable control over the memory length 

embedded in disease transmission and recovery dynamics. 

This capability allows researchers to match observed 

epidemic curves more accurately and account for 

/heterogeneities in health-seeking behavior, treatment 

adherence, and immune response latency. The model 

elucidates how fractional dynamics influence key 

thresholds such as the basic reproduction number 𝑅0, 

equilibrium states, and bifurcation points, thus deepening 

theoretical understanding of long-term disease persistence 

and eradication barriers. 

 

 Methodological Advancement in Numerical Fractional 

Integration 
This study operationalizes the numerical 

implementation of ABC-fractional systems using an 

adapted Adams–Bashforth–Moulton predictor–corrector 

scheme, offering a computationally feasible approach to 
simulate high-dimensional memory-based models. The 

model architecture accommodates real-time simulations 

and is scalable for integration into health forecasting tools. 

This methodological contribution expands the 
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applicability of fractional models beyond theoretical 

exploration to practical forecasting and strategic 

intervention planning. 

 

 Integration of Quantitative Sensitivity, Bifurcation, 

and Validation Frameworks 
The inclusion of global sensitivity analysis via Partial 

Rank Correlation Coefficients (PRCC), bifurcation 

mapping, and empirical model validation distinguishes 

this work from conventional modeling efforts. These 

analytical tools offer a rigorous means of quantifying the 

influence of input parameters on transmission outcomes, 

identifying control leverage points, and testing model 

fidelity against synthetic epidemiological data. The fusion 

of these analytical domains enhances model 

interpretability and builds confidence in its translational 

potential. 

 

 Strategic Relevance for Vaccination and Vertical 
Transmission Policies 

The study demonstrates that even maximal 

vaccination coverage may not reduce 𝑅0 below unity due 

to persistent vertical transmission and asymptomatic 

carriers. This insight shifts policy focus from pure 

immunization strategies to integrated interventions that 

include maternal screening, neonatal prophylaxis, and 

carrier management. By simulating these interventions 

within a fractional memory-aware framework, the study 

provides a realistic appraisal of long-term epidemic 

control feasibility under varying health system constraints. 

 

In essence, this study contributes a mathematically 

refined, biologically coherent, and policy-relevant 

modeling tool to the epidemiological literature. It lays a 

foundation for future interdisciplinary work combining 

fractional calculus, infectious disease dynamics, and 

public health informatics. The framework's adaptability 

and extensibility position it as a valuable asset in modeling 

not only HBV but also other memory-structured epidemics 

such as tuberculosis, HIV, and emerging zoonotic 

diseases. 

 

 Final Thought 

This study establishes the foundational value of 

fractional-order modeling—particularly via the Atangana–

Baleanu–Caputo (ABC) operator—in addressing the 

limitations of conventional epidemiological frameworks 

when modeling chronic, memory-dependent infections 

such as Hepatitis B Virus (HBV). By coupling 

mathematical precision with biological realism, the ABC-

fractional SVICR model not only captures complex 

temporal dynamics but also enables advanced predictive 

analytics for public health decision-making. The memory-

aware representation reveals that intervention timing, 

coverage, and structural heterogeneities significantly 

influence long-term outcomes. As such, this modeling 

paradigm not only elevates theoretical epidemiology but 

also provides a strategic tool for designing multi-
dimensional, data-driven HBV control policies in both 

endemic and emergent contexts. 
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